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Abstract We prove the existence of global solutions to the initial-boundary-value prob-
lem on the half space R+ for a one-dimensional viscous ideal polytropic gas. Some suitable
assumptions are made to guarantee the existence of smooth solutions. Employing the L2-
energy estimate, we prove that the impermeable problem has a unique global solutionis.
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1 Introduction and the Main Results
We consider the one-dimensional (1D) compressible Navier-Stokes system in the Eulerian
coordinates ⎧⎪⎪⎪⎨
⎪⎪⎩
ρt + (ρu)x̃ = 0,
(ρu)t + (ρu



















= κθx̃x̃ + μ(uux̃)x̃,
(1.1)
where ρ(x̃, t) > 0, u(x̃, t), θ(x̃, t) > 0, e(x̃, t) > 0 and p(x̃, t) are the density, fluid velocity,
absolute temperature, internal energy, and pressure respectively, while the positive constants
μ and κ denote the viscosity and heat conduction coefficients respectively. In this paper, we
study the ideal polytropic fluids so that p and e are given by the state equations
p = Rρθ, e =
Rθ
γ − 1 + const., (1.2)
where γ > 1 is the adiabatic exponent and A,R are both positive constants. We concern
the initial-boundary-value (IBV) problem to the system (1.1) on R+ supplemented with the
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following initial, boundary and far field conditions:
(ρ, u, θ)(x̃, 0) = (ρ0, u0, θ0)(x̃), x̃ ∈ (0,+∞), (1.3)
u(0, t) = ub, θx̃(0, t) = 0, (ρ, u, θ)(x̃, t)→ (ρ+, u+, θ+) as x̃→ +∞, t ∈ R+, (1.4)
where ρ+ > 0, u+ and θ+ > 0 are given constants, and we also assume (u0, θ0x̃)(0) = (ub, 0) as
compatibility conditions.
The assumption ub = 0 implies that the wall is impermeable. For ub < 0, the IBV problem
(1.1) is called the outflow problem. While in the case of ub > 0, one should add some additional
condition for the density ρ on the wall x = 0, e.g., ρ(0, t) = ρb(t), which is called the inflow
problem, see Matsumura [1], [2] for details.
There are a few results concerning the IBV problem (1.1) on R+ for 1D compressible flow,
the most of the results are concerned with IBV problem of the following compressible isentropic
Navier-Stokes equation ⎧⎨
⎩ ρt + (ρu)x̃ = 0,(ρu)t + (ρu2 + p)x̃ = μux̃x̃. (1.5)
For the inflow problem (ub > 0) of (1.5), see [1–4] and the references therein. For the outflow
problem (ub < 0) of (1.5), we refer to [5–9] and the references therein. For the impermeable
problem (ub = 0), it is shown that the solution of (1.5) tends to the rarefaction wave when
u+ > 0 without any conditions on the initial data (see [10]) and that there exists a global
solution, which tends to the properly shifted viscous shock wave, when u+ < 0 under some
conditions on initial data (see [11]). For the non-isentropic compressible system (1.1), due to
various difficulties, the existence of global solution need some “smallness” for the initial data
(see [12–15]). Solonnikov Kazhikhov and Monakhov proved there exists a global solution in
a bounded domain without any restricts to the initial data (see [16]) and it was pointed out
that the existence of global solution of (1.1) in unbounded domain without any restricts to the
initial value is a unsolved problem. In this paper, we consider the case of unbounded domain
and will prove the existence of the global solution for ideal polytropic flow.
To prove the existence of global solution, it is convenient to use Lagrangian coordinates





ρdx̃− ρudt), t = t,
and our initial-boundary value problem (1.1)–(1.3) is then changed into⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩



























u(0, t) = ub, θx(0, t) = 0,
(v, u, θ)(x, 0) = (v0, u0, θ0)(x)→ (v+, u+, θ+) as x→∞,
(1.6)
where v = 1
ρ
.
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We will prove the global existence of solution to problem (1.6) when ub ≤ 0.
Theorem 1.1 Assume that ub ≤ 0, ub ≤ u+, and v0, u0, θ0 satisfy⎧⎨
⎩0 < C1 ≤ v0, θ0 ≤ C2,(v0 − v+, u0 − u+, θ0 − θ+) ∈ H1(R+). (1.7)
Then there exists a unique global solution v, u, θ of (1.6) such that for any T > 0,
⎧⎪⎪⎨
⎪⎪⎩
0 < C3 ≤ v, θ ≤ C4, (x, t) ∈ R+ × (0, T ),(
v − v+, u− u+, θ − θ+
) ∈ L∞(0, T ;H1(R+), (ux, θx) ∈ L2(0, T ;H1(R+)),
u(0, t) = ub, θx(0, t) = 0, (ρ, u, θ)(x, t)→ (ρ+, u+, θ+) as x→ +∞,
(1.8)
where C3, C4 are positive constants which may depend on T .
Remark Under the assumptions stated in Theorem 1.1, if v0, u0, θ0 are smooth, then we
may prove that the solution of (1.6) is smooth by using standard method (see [16]).
The proof of Theorem 1.1 is based on the existence of the local solution, the basic energy
estimate and continuity argument. We use some ideas and techniques from [16] in the proof of
Theorem 1.1. Since some techniques of boundary estimate used in [16] may not be generalized
to unbound domain, some integral estimates of boundary value are established in this paper.
Moreover to prove the uniqueness of solution of (1.6), we prove the stability of solution of
(1.6) in a class of generalized functions. The paper is arranged as follows: We will prove the
local existence and the energy estimate in Section 2; the priori bounded estimates of v, θ are
established in Section 3; the uniqueness and stability of solutions are proved in Section 4.
2 Local Existence and Energy Estimate
Under the assumptions stated in Theorem 1.1, we may get the following existence of local
solution.
Proposition 2.1 (Local existence) Under the assumptions stated in Theorem 1.1, (1.6)
admits a unique solution (v, u, θ)(x, t) for some sufficiently small t1 > 0 such that
⎧⎪⎪⎨
⎪⎪⎪⎩
0 < C5 ≤ v, θ ≤ C6,
sup
[0,t1]
(‖(v − v+, u− u+, θ − θ+)‖H1) ≤ C‖(v0 − v+, u0 − u+, θ0 − θ+)‖H1 ,(
vt, ut, θt
) ∈ L2((0,∞)× (0, t1)), (ux, θx) ∈ L2((0, t1;H1(0,∞)).
(2.1)
Proof Consider the following approximate problem⎧⎨
⎩ v
(n)


















u(n)|t=0 = u0(x), u(n)|x=0 = ub;
(2.3)






















x |x=0 = 0, θ(n)|t=0 = θ0(x),
(2.4)
with
(v0, u0, θ0)(x, t) = (v0, u0, θ0)(x).
Similarly to the proof in [16], we may establish the convergence of the solutions of (2.2)–(2.4)
in a short time and prove that the limit function is a solution of (1.6). The detail of proof is
omitted.





















Then we have the following estimate:








− 1 ∈ L1(0,∞)
and u0−u+ ∈ L2(0,∞). There is a positive constant C0 which may depend on T and ‖η(x, 0)‖1,














(x, τ)dxdτ ≤ C0 (2.5)
for all t ∈ [0, T ].






















































































(u+ − ub)dτ. (2.6)
Let wλ = exp{−λ
√
1 + x2}. Note that |wλx| ≤ λwλ(x), λ > 0. Multiplying (1.6)2 by wλ with
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Inserting (2.7) into (2.6), (2.5) is proved.
3 Bounds of v, θ
In this section, we suppose (u0, v0, θ0) ∈ H1(R+). From Proposition 2.2, we may deduce
the bounds of the specific volume v(x, t) and the temperature θ(x, t). We need the following
priori estimates.
Lemma 3.1 There are positive constants C1, C2, which may depend on T and
‖(v0, u0, θ0)‖H1 , such that
C−11 ≤ v(t, x) ≤ C1, C2 ≤ θ(t, x), (x, t) ∈ R+ × (0, T ).
Proof The proof of the bound of v is similar to that in [16]. For the sake of completeness,
















































θ(x, t)dx ≤ β1, i = 0, 1, 2, · · · , t ∈ [0, T ], (3.3)
and for each t ∈ [0, T ] there are ai(t), bi(t) ∈ [i, i+ 1], such that
α1 ≤ v(ai(t), t), θ(bi(t), t) ≤ β1, i = 0, 1, 2, · · · . (3.4)







Integrating the above equation over (0, t)× (ai(t), x), (x ∈ [i, i+1]) and taking exponential on













= Bi(x, t)Yi(t), x ∈ [i, i+ 1], (3.5)

























Multiplying (3.5) by Rθ
μ






























x ∈ [i, i+ 1], t ∈ [0, T ], i = 0, 1, 2, · · · . (3.7)
By virtue of the definition of Bi, Yi and Proposition 2.2, we see that
0 < C−1 ≤ Bi(x, t) ≤ C, Yi(t) ≥ 1, x ∈ [i, i+ 1], t ∈ [0, T ], i = 0, 1, 2, · · · . (3.8)
Now integrate (3.7) over (i, i+ 1) with respect to x, to get
∫ i+1
i


























then we may get














From the above inequality and using (3.3), (3.8) and Gronwall’s inequality, we obtain
1 ≤ Yi(t) ≤ C, t ∈ [0, T ], i = 0, 1, 2, · · · . (3.9)
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Substituting (3.8)–(3.10) into (3.7), we find that
max
[i,i+1]









v(·, τ)dτ, y ∈ [i, i+ 1] t ∈ [0, T ]. (3.11)
Then using Gronwall’s inequality and Proposition 2.2, one get
v(t, x) ≤ C2, x ∈ [i, i+ 1], t ∈ [0, T ], i = 0, 1, 2, · · · .
On the other hand, from (3.5), (3.8) and (3.9) one can get
v(t, x) ≥ C1, x ∈ [i, i+ 1], t ∈ [0.T ], i = 0, 1, 2, · · · .
Thus
0 < C−11 ≤ v(t, x) ≤ C1. (3.12)
To deduce a lower bound of θ, we apply the maximum principle. Using the estimate (3.12),

















































































(0, t) = 0.
(3.14)




≤ C, x ∈ (0,+∞), t ∈ [0, T ],
which gives the lower bound of θ(t, x). This complete the proof of Lemma 3.1.
In the following, we prove the upper bound of θ(x, t).















u2x(x, τ)dxdτ ≤ C. (3.17)
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, i = 0, 1, 2, · · · , (3.18)




θ(x, τ)dτ ≤ C
and (3.15) is proved. Note that there are constants N,C(N) > 0 such that if θ > N,



























if θ ≤ N,








Hence (3.16) follows form (3.15) and Proposition 2.2.























Integrating (3.19) over R+ × (0, T ), we get
1
2






















































= I11 + I12. (3.21)
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(x, τ)dxdτ + C. (3.24)
Similarly to the proof of (2.7), we have I2 ≤ C. Inserting (3.24) into (3.20) deduce (3.17).


































γ − 1(θ − θ+)|x=0dτ
∣∣∣∣





































































Using Young’s inequality, Lemma 3.1 and (3.17) in the above inequality, we get (3.25).







γ − 1(θ − θ+)|x=0dτ
∣∣∣∣




















































































































































































‖ux‖ 32 ‖uxx‖ 12 ‖vx‖(τ)dτ























Substituting (3.29) into (3.27) deduce (3.26).
Lemma 3.4 There are positive constants C which may depend on T , such that
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x − C2(u − u+)2u2x
v
.

























































































‖θx‖2(τ)dτ + C. (3.34)
















(τ)dτ ≤ C. (3.35)













θ(τ)dτ ≤ C. (3.36)
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To estimate I5, we multiply (1.6)2 by (u − u+)3 and integrate it over R+ × [0, T ] to infer that
1
4










































θ2(u− u+)2(x, τ)dxdτ, (3.37)






























Substituting the above equality into (3.37), we get









The estimate of I3 may found in Lemma 3.3. In the end, inserting (3.34)–(3.36), (3.38) and
(3.26) into (3.33), Lemma 3.4 is proved.








‖θxx‖2(τ)dτ ≤ C, (3.39)
max
0<t<T
































































































































































































Multiplying (3.30) by a suitably large positive constant λ and adding the result to (3.42), we
can deduce








≤ C + C
∫ T
0
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Combining (3.43)–(3.46) and using Gronwall’s inequality, we get
max
0<t<T


































































































Inserting (3.49)–(3.51) into (3.48), we can deduce the first estimate of (3.39). Combining (3.39)1
and (3.47), we get (3.39)3.













































‖ux‖‖uxx‖‖ux‖2(τ)dτ ≤ C, (3.54)
























Inserting (3.53)–(3.55) into (3.52) and using Gronwall’s inequality, we get (3.19)2.
Lemma 3.6 There exists a constant C, which may depend on T , such that θ ≤ C.
Proof From Lemma 3.5, we have
(θ − θ+)2 = −2
∫ +∞
x
(θ − θ+)θxdx ≤ C‖θ − θ+‖‖θx‖ ≤ C. (3.56)
This implies θ ≤ C.
The global existence of solution of (1.6) follows by using the priori estimates in Lemma
3.1–Lemma 3.5 and continuity argument. Moreover, from Lemma 3.1–Lemma 3.6 and the
equations in (1.6), we may also obtain (1.8).
4 Uniqueness of the Solution
In this section, we first prove the stability of solution to problem (1.6) in a class of general
functions. Define the solution space of (1.6) by
ΓT =
{
(v, u, θ) ∈ L∞(0, T ;H1(R+)), inf
R+×(0,T )
v, θ > 0, (ux, θx) ∈ L1(0, T ;L∞(R+)
}
.
Clearly the functions in Γ are bounded in R+×(0, T ) and the solution obtained in Theorem
1.1 belongs to ΓT . The uniqueness of solution of (1.6) is a corollary of the following proposition.
Proposition 4.1 Let (v1, u1, θ1) and (v2, u2, θ2) be two solutions of (1.6) in the class of
ΓT , and write
(ϕ, ψ, φ)(x, t) = (v1 − v2, u1 − u2, θ1 − θ2)(x, t).
Then













(ψ0, ϕ0, φ0) = (ψ, ϕ, φ)
∣∣
t=0
, f(t) = |u1x(·, t)|2L∞ + |u2x(·, t)|2L∞ + |θ2x(·, t)|2L∞ .


























































(ϕ, ψ, φ)(x, 0) = 0,
(ϕ, ψ, φ)(x, t)→ 0 as x→ +∞,
ψ(0, t) = 0, φx(0, t) = 0
(4.1)
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in distribution sense. The following calculation is formal, since it needs that the solution
belongs to C([0, T ], H2(R+)). It can be strictly made by choosing special test function in
integral identity and using Steklov mean approximation. Multiplying (4.1)1, (4.1)2, (4.1)3 by
ϕ, ψ, ϕ respectively, and integrating it we get
1
2







































































[‖ψ0‖2 + ‖ϕ0‖2 + ‖φ0‖2]+ 7∑
j=1
Rj . (4.2)

































(φ2 + ϕ2)(x, τ)dxdτ, (4.3)
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Inserting (4.3)–(4.7) into (4.2) and using Gronwall’s inequality, Proposition 4.1 is proved.
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